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Abstract 

Let Ln ~ K[xY^ , . . . , a;„ ] be a Laurent polynomial algebra over a field K of characteristic 
zero, W„ := DerK(in), the Witt Lie algebra, and Vir be the Virasoro Lie algebra. We 
prove that AutLie(M^n) ^ AutK-aig(in) ~ GL„(Z) X K*" and AutLie(Vir) ~ AutLie(Tyi) ~ 
{±1} tx K*. 
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1 Introduction 

In this paper, module means a left module, K \s & field of characteristic zero and K* is its group 
^ . of units, and the following notation is fixed: 

l> 

Cn ' • Pn '■— K[xi, . . . , Xn\ = ® gpj„ Kx'^ is a polynomial algebra over K where x" := a;"^ 

oo ■ 

Cn ■ • Gn := AutK-aig(^n) IS the group of automorphisms of the polynomial algebra P„, 

^^ ' • Ln '■= K[x^^ , . . . ,2;^-'^] — ®Qg2n Kx"" is a Laurent polynomial algebra. 



• L„ := AutK-aig(-^n) is the group of if-algebra automorphisms of L„, 



• di := -Tf—, . ■ . ,dn '.= jf— are the partial derivatives {K-Wnear derivations) of P„ 



^\ . • Dn :— Derx(-Pn) ~ ®iLi ^n^j is the Lie algebra of i^-derivations of P„ where [d,S\ 



dS - Sd, 

• G„ := AutLic(^n) is the group of automorphisms of the Lie algebra Dn, 

• Wn :== Dei K{Ln) ~ ®iLi Lndi is the Witt Lie algebra where [d, 5] := dS — Sd, 

• W„ :— AutLio(W„) is the group of automorphisms of the Witt Lie algebra Wn, 

• (5i := ad(9i), . . . ,(5,i :— ad(9„) are the inner derivations of the Lie algebras _D„ and Wn 
determined by di, . . . ,dn where ad(a)(6) := [a, b], 

• Hn := 0r=i KHi where Hi := a;i5i, . . . , i?„ := a;„5„. 

The group of automorphisms of the Witt Lie algebra W„ . The aim of the paper is to 
find the groups of automorphisms of the Witt algebra Wn (Theorem ll.ip and the Virasoro algebra 
Vir (Theorem ll.2p . The following lemma is an easy exercise. 



• (Lemma 12. 8p L„ ~ GL„ (Z) tK T" where GL„ (Z) is identified with a subgroup of L„ via the 
group monomorphism GL„(Z) -^ L„, A — {oij) H> da : a;^ i-^ n?=i ^/' '^"''^ 

T" := {tx e L„ I i;,(xi) = Aixi, . . . , iA(x„) = A„x„; A £ X™} ^ i^*» 

js t/ie algebraic n-dimensional torus. 

Theorem 1.1 W„ = L„. 

Structure of the proof, (i) L„ is a subgroup W„ (Lemma 12. 2p via the group monomorphism 

L„ -^ W„, o- 1-^ cr : 9 1-^ cr(9) := adcr^^. 

Let cr e W„. We have to show that cr G L„. 
(ii)(crux) a{Hn) — 'Hn (Lemma [2. 5p . i.e. 

a{H) = A^H for some A„ e GL„(ii') 

where H := (Hi, . . . , iJ„)^. 

(iii) Aa e GL„(Z) (CoroUary[2l2l). 

(iv) There exists an automorphism r G L„ such that tct e Fixw„ (-ffi, • ■ • , -ffn) (Lemma 12. 101) . 

(v) Fixw„ {Hi,...,Hn)^ T" C L„ (Lemma Eig) and so cr e L„. D 

The group of automorphisms of the Virasoro Lie algebra. The Virasoro Lie algebra 
Vir ~ Wi(BKc is a 1-dimensional central extension of the Witt Lie algebra Wi where Z(Vir) = Kc 
is the centre of Vir and for all i,i ^"L, 

"3 

[x'H, x^H] = (j - i)x'+^H + 6,,-j'-^c (1) 

where x = xi and -ff = Hi. 

Theorem 1.2 AutLic(Vir) ~ Wi ~ Li ~ GLi(Z) x T^. 

The key point in the proof of Theorem 11.21 is to use Theorem 11.31 of which Theorem 11.21 is a 
special case (where Q = Vir, W — Wi and Z = Kc, see Section [S]). 

Theorem 1.3 Let Q be a Lie algebra, Z be a subspace of the centre of Q and W = Q/Z. Suppose 
that 

L every automorphism a of the Lie algebra W can be extended to an automorphism a of the 
Lie algebra Q , 

2. Z (Z [G,G], and 

3. W = [W,W]. 

Then, for each a , the extension a is unigue and the map AutLic(W^) -^ AutLio(^)7 cr H> a, is a 
group isomorphism. 

The groups AutLic(u„) and AutLie(^n) where found in |3] and [1] respectively. The Lie algebras 
u„ have been studied in great detail in [1] and [2]. In particular, in [1] it was proved that every 
monomorphism of the Lie algebra u„ is an automorphism but this is not true for epimorphisms. 



2 Proof of Theorem 11.11 

This section can be seen as a proof of Theorem II .11 The proof is split into several statements that 
reflect 'Structure of the proof of Theorem II .![ given in the Introduction. 

By the very definition, H„ = ©"=1 ^^i is an abelian Lie subalgebra of Wn of dimension n. 
Each element H of H„ is a unique sum H — Y^^=i ^i^t where Xi G K. Let us define the bilinear 
map 



H„ X Z" ^ K, {H, a) ^ {H, a) := ^ X,a^. 
The Witt algebra Wn is a Z"-graded Lie algebra. The Witt algebra 

n 

W"« = 0A'x"9, = x'^Un (2) 

aGZ" i— 1 ae^Z" 

is a Z"-graded Lie algebra, that is [a;"?^„, a;'^'H„] C x^'^^'Hn for all a,l3 € Z". This follows from 
the identity 

[x''H,x^H'] = x"+'^{{H,P)H' - {H\a)H). (3) 

In particular, 

[H,x°'H']^{H,a)x°'H'. (4) 

So, x^Hn is the weight subspace Wn,a '■— {w S W„ | [iJ, w] = {H,oi)w\ of W„ with respect to the 
adjoint action of the abelian Lie algebra 'Kn on Wn- The direct sum ^ is the weight decomposition 
of Wn and Z" is the set of weights of T-ln- 

Let C/ be a Lie algebra and H be its Lie subalgebra. The centralizer Cg{'H) := {x &Q\ [x, T-L] = 
0} of H in Cy is a Lie subalgebra of Q. In particular, Z{Q) := Cg(^) is the centre of the Lie 
algebra Q. The normalizer Ng{'H) := {x &Q\ [x, H] C H} of H in ^ is a Lie subalgebra of G, it is 
the largest Lie subalgebra of Q that contains H as an ideal. Each element a ^ Q determines the 
derivation of the Lie algebra G by the rule ad(a) : ^ — > ^, 6 >-> [a, &], which is called the inner 
derivation associated with a. An element a G 5 is called a locally finite element if so is the inner 
derivation ad(a) of the Lie algebra G, that is dimx(^jgpjiirad(a)*(&)) < oo for aU b E G- Let 
LF{G) be the set of locally finite elements of G- 

The Cartan subalgebra Tin of Wn- A nilpotent Lie subalgebra C of a Lie algebra G such 
that C = Ng{C) is called a Cartan subalgebra of G- We use often the following obvious observation: 
An abelian Lie subalgebra that coincides with its centralizer is a maximal abelian Lie subalgebra. 

Lemma 2.1 L Hn = Cw„i'^n) is a maximal abelian Lie subalgebra ofWn- 
2. Tin is a Cartan subalgebra ofWn- 

Proof. Both statements follow from ([2]) and Q . D 

The next lemma is very useful and can be applied in many different situations. It allows one 
to see the group of automorphisms of a ring as a subgroup of the group of automorphisms of its 
Lie algebra of derivations. 

Lemma 2.2 Let R be a commutative ring such that there exists a derivation d £ Der(i?) such 
that rd ^ for all nonzero elements r € R (eg, R = P„,L„ and d = di). Then the group 
homomorphisra 

kvil{R) -^ AutLic(Der(i?)), a ^ a : 5 ^^ a{6) := aScr^'^, 

is a monomorphism. 



Proof. If an automorphisni a G Aut(i?) belongs to the kernel of the group homomorphism 
(T H->- (T then, for all r ^ R, rd — <T{rd)(T^^ = <j{r)ada~^ = a{r)d, i.e. a{r) = r for all r ^ R. 
This means that a is the identity automorphism. Therefore, the homomorphism a i—> cr is a 
monomorphism. D 

The (Z, A)-grading and the filtration J'x on Wn- Each vector A — (Ai,...,A„) G Z" 
determines the Z-grading on the Lie algebra Wn by the rule 

n 

W„ = 0W„,,(A), WnaW-.^ a;"^n, (A,a) ~^A,a„ 

[Wn,i{X),WnjiX)] C ty„ j+j(A) for all i,j e Z as follows from ^ and (JH). The Z-grading above 
is called the {Z,X)- grading on Wn- Every element a G Wn is the unique sum of homogeneous 
elements with respect to the (Z, A)-grading on Wn, 

a = fli^ + Oia + h ai^ , fli,^ G VF"„,j„ (A), 

and ii < 12 < ■ ■ ■ < is- The elements ^^[^(a) := a^^ and Z;^(a) := a^^ are called the leading term and 
the least term of a respectively. So, 

a = ll{a)-\ , 

a ^ l^{a) H , 

where the three dots denote smaller and larger terms respectively. For all a, 6 G Wn, 

[a,b]^[l+{a),ltm + ---. (5) 

[a,b]^[l^ia),l-ib)] + .-., (6) 

where the three dots denote smaller and larger terms respectively (the brackets on the RHS can 
be zero). 

The Nevifton polygon of an element of Wn- Each element a G Wn is the unique finite sum 
a = J2aez^ XaX^Ha were Aq, G K and Ha G Tin- The set Supp(a) := {a G Z" | Aq, ^ 0} is called 
the support of a and its convex hull in M" is called the Newton polygon of a, denoted by NP(a). 

Lemma 2.3 Let a be a locally finite element ofWn- Then the elements l]^ {a) andl^{a) are locally 
finite for all A G Z" . 

Proof. The statement follows from ([5]) and (j6|). D 

Let ljF{Wn)h be the set of homogeneous (with respect to the Z"-grading on Wn) locally finite 
elements of the Lie algebra Wn - 

Lemma 2.4 LF(VF„),, = Un- 

Proof- Hn ^ LF(M^„)/i since every element of H„ is a semi-simple element of Wn'- for all 
H = X]"=i ^tHi where Aj G K, 

[H,x°'H'] = {X,a)x°'H' for aU a G Z", H' G Hn. (7) 

It suffices to show that every homogeneous element x^H' that does not belong to Hn, i.e. a 7^ 0, 
is not locally finite. Fix i such that ai ^ 0. Let 6 = ad(a;"_ff'). 
Suppose that [H' ,a) ^ 0. This is the case for n = 1. Then 

(5'"(a;^"iJ') = (m-l)!2™-i(i?',a)'"x(i+2™)"i?' for m > 1. 



Therefore, the element x^H' is not focally finite. 

Suppose that {H',a) ^ 0. Then necessarily n > 2. Fix /3 e Z" such that (i/',/3) = 1. Then 

J"(a;^iJ') = a;^+""iJ' for m > 1. 

Therefore, the element x°'H' is not locally finite. D 

Lemma 2.5 (j{Hn) = "Hn for all a G W„. 

Proof. Let a e W„ and H e Tin- We have to show that H' := a{H) e 7^„. The element H 
is a locally finite element, hence so is H'. By Lemma [2.31 and Lemma [2. 4[ the Newton polygon 
NP(i?') has the single vertex 0, i.e. if' G H„. D 

Let H = {Hi, . . . , Hn)^ where T stands for the transposition. By Lemma [2.51 

a{H) = A^H for all a e W„ (8) 

where A^r — (dij) £ GLn{K) and a{Hi) = J2'i=i '^ij^j- Let '^Wn be the WVt-module Wn twisted 
by the automorphism a G W„. As a vector space, ""Wn — Wn, but the adjoint action is twisted 
by o"- 

wx°'H" ^ [a{w),x°'H"] 

for all w G Wn and a G Z". The map cr : Wn -> "^VKn, w ^^^ o-{w), is a W„-module isomorphism. 
By Lemma 12.51 every weight subspace x°''Hn of the H„-module Wn — ®agz" ^"^n is also a 
weight subspace for the H„-module "^Wn, and vice versa. Moreover, 

Wn,c. = 2;"H„ = ("W^„)A„a for ah a G Z" (9) 

where a = (ai, . . . , an)^ £ Z^ is a column: for all H' = X^T^i ^«^« ^ ^n, 

n 

[CT(i7'),a;"ii"] = Yl >'^a^Jajx"H" = {H' , A„a)x" H" . (10) 

Since <T{'Hn) = "Hn and cr : W^„ — ?► '^Wn is a W„-module isomorphism, the automorphism a 
permutes the weight components {Wn,a = x"^T~l-n} aez^ ■ There is a bijection a' : Z" -^ Z", 
a M> cr'(a), such that a{Wn,a) = Wn^^'ia) for all a G Z". 

Lemma 2.6 for all a G W„ and a G Z", (t'(q;) = A„-ia. 

Proof By dTU]), 

(i/',CT'(a))(7(x"iJ") = [H',a{x''H")]=a{[a-\H'),x''H"])=a{{H',A,-ia)x"H") 
= {H",A^-ia)cr{x°'H"). 

Therefore, a' (a) — A„-ia. D 

Corollary 2.7 For all cr G W„, A„ G GL„(Z). 

Proof. This follows from Lemma 12.61 D 

The group of automorphisms L„ — AutLio(in)- The group L„ contains two obvious 
subgroups: the algebraic n-dimensional torus T" = {t\ \ A G K*"^} ~ i^T*" where t\{xi) — XiXi for 
I = 1, . . . , n and GL„(Z) which can be seen as a subgroup of L„ via the group monomorphism 

n 

GL„(Z) -^ L„, A .-> CIA : X, ^ n ^?'- (1^) 

i=i 

For all a G Z", cta(2;") — x^" . Hence uab = o'acb and cr^^— c^-i- 



Lemma 2.8 L„ = GL„(Z) k T". 

Proof. The group of units L* of the algebra L„ is equal to the direct product of its two 
subgroups K* xX where X = {a;" | a e Z"} ~ Z" via x" i-^ a. Since a{K*) = iiT* for all a £ L„, 
there is a group homomorphism (where Autgr.(G') is the group of automorphisms of a group G) 

61 : L„ ^ Autgr{Ln/K*), a^W: K*x'^ H> ii:*cr(a;"). 

Notice that PMigr{Ln/K*) ~ Autgr(Z") ~ GL„(Z) and 6I|gl„(z) : GL„(Z) ^ Autgr(i„/ii:*), 
A H^ A. Then L„ ~ GL„(Z) k ker(6') but kcr(6l) = T". Clearly, L„ = GL„(Z) k T". D 

Lemma 2.9 Let ga G Ln &e as in dJJ)] where A e GL„(Z), 9 = {di, . . . , dnY' , H — {Hi, . . . , Hn)^ 
and diag(Aii, . . . , A„„) he the diagonal matrix with the diagonal elements An, . . . , A„„. Then 

1. a{d) = Cad where Co- — diag(cr(xi)^^, . . . , cr(a;„)^^)A^^diag(a;i, . . . , x„). 

2. a{H) = A-^H. 

Proof. 1. Let 9,' — <j{di) and x'- = a{xj). Clearly, (j{d) = C„d for some matrix C^ — {cij) G 
M„{Ln). Applying the automorphism a to the equalities dij = di * Xj where i,j = 1, . . . , n, we 
obtain the equalities 

n n n 

5ij = adi(7~^a{x.j) = d[ * x'^ = (^ Cj^Sfc) * JJ x^'' = ( ^ CikX~^akj)x'j 

fc=l 1=1 k,l = l 

where «, j = 1, . . . , n. Equivalently, Cadiag{xi , . . . , x^^)A = diag(a;'j~ , ■ • • , a^Jr^)j ^-'^d statement 
1 follows. 

2. Statement 2 follows from statement 1: 

a{H) ^ (T(diag(a:i, . . . , x„)9) = cr(diag(xi, . . . , Xn))a{d) = diag(CT(a;i), . . . , CT(a;„))Co-9 

= diag(CT(a;i),...,cr(a;„))(diag(cr(xi)~\...,CT(a;„)"^)A"Miag(a;i,...,a;„) = A"^i7. D 

Let group G acts on a set S* and T C S'. Then FixG(T) -.^ {g eG\gt^t for all t e T} is the 
fixator of the the set T. FixG(T) is a subgroup of G. 

Lemma 2.10 Let a G W„. Then a{H) = A^-iH for some A^-i G GL„(Z) (see (0) and Lemma 
\2.7^ and a a _i c G Fixw„ (-ffi, ■ • ■ , -ffn) where a a _i G GL„(Z) C L„, see ij_?|) . 

Proof. The statement follows from Lemma [2.91 (2). D 

Sh„ := {sx G Gn I SA(a;i) = a;i + Ai, . . . , SA(a:;„) = x„ + A„} 
is the shift group of automorphisms of the polynomial algebra P„ where A = (Ai, . . . , A„) G K"] 

Sh„ C AutK-alg(i'n) ^ AutLic (£>«)■ 

Proposition 2.11 Fixw„(9i, . . . , 9„) = {e}. 

Proof. Let cr G F := Fixw„ (9i, . . . , 9„). We have to show that a = e. Let A^ := Niln/^ (9i, . . . , 9„ 
{w G W„ I ^Kui) = for some s = s{w) and alH = 1, . . . ,n}. Clearly, N = Dn- The automor- 
phisms (T and (T^^ preserve the space N = Z?„, that is a^^{Dn) C Z?„. Hence cr(Z?„) = Z?„ and 
cr|_D„ G FixG„(9i, . . . ,9„) = Sh„, pP. The only element sa of Sh„ that can be extended to an 
automorphism of Wn is e (since sx{x~ di) = {xi + Xi)^^di). Therefore, a — e. In more detail, 
suppose that sa can be extended to an automorphism of the Witt algebra Wn and A.; ^ 0, we 
seek a contradiction. Then applying sa to the relation [x~ di,xfdi] = 3di we obtain the rela- 
tion [s\{x~^di),{xi + Xi)'^di] = 3di. On the other hand, [{xi + \i)~^di,{xi + Xi^di] = 3di in 
the Lie algebra K{xi)di. Hence, sx{x^^di) — (xi + \i)~^di G C := CK(xi)di{{xi + Xi^di). Since 
C = K-{x + Xi)^di, we see that sx{x~^di) ^ Wn, a contradiction. In more detail, let a = (xi + Xi)-^. 
Then^a, G C where /3 e K{x,) iff (where a' := j§-, etc) ^ [ad^,pd^] = {aP'-a'l3)di = a^{^)'d^ 
iff (f )' = iff ^ G ]<ieTK{x,){di) = K. Hence, P G Ka, as required. D 



Lemma 2.12 Fixw„ {Hi, . . . , iJ„) = T". 

Proof. The inclusion T" C F := Fixw„ (^i, • • • , Hn) is obvious. Let a ^ F. We have to show 
that a G T". In view of Proposition l2.111 it suffices to show that ^(Si) = Ai9i, . . . , a{dn) — Xndn 
for some A = (Ai,...,A„) G K*^ since then txa S Fixw„(9i, . . . , 9„) = {e} (Proposition 12. lip , 
and so a = t^^ e T". Since a E F, the automorphism respects the weight components of the Lie 
algebra Wn, that is (j(x"T-Ln) — x^Hn for all a G Z". In particular, ioi i = I, . . . ,n, 

n n 

d[ = a{d,) - a{xr^m) = x'^ ^ K,H, = -xT^ ^ K,x,d, , (12) 

9' = D-^ADd where £» = diag(a:i, . . . ,a;„) and D-^AD e GL(L„), and so A = (Xij) £ GL„(i^). 
In view of (fT2|) . e have to show that A is a diagonal matrix. The elements 9i, . . . , 5„ commute, so 
do 9^, . . . ,9,'^: for alH, J = 1, . . . ,n, 

n n 

fe=i 1=1 

Therefore, foro all i, j,l = 1, . . . , n, XijXji == XjiKi- For each j = 1, . . . , n, let q := X]^=i -^jj- ^^^ 
above equalities yield the equalities 

n 

y^ Ai_,A_,7 = CiXii for i, / = 1, . . . , n. 

Equivalcntly, A^ = diag(ci, . . . , c„)A. Therefore, A = diag(ci, . . . , c„) since A G GLn{K), as 
required. D 

Proof of Theorem 11.11 Let a G W„. We have to show that cr G L„. By Lemma [2.101 and 
Lemma [2. 121 tct G Fixw„ {Hi, . . . , iJ„) = T" for some r G L„, hence a G L„. D 

3 The group of automorphisms of the Virasoro algebra 

The aim of this section is to find the group of automorphisms of the Virasoro algebra (Theorem 
II. 3p . The key idea is to use Theorem 1 1.31 

Proof of Theorem 11.31 Let a iiT-linear map s : W -^ G be a, section to the surjection 
TT : — i- W, a ^^ a + Z, i.e. tts = idw. The map a is an injection and we identify the vector space 
W with its image in Q via s. Then, Q = W ® Z, z. direct sum of vector spaces. 

(i) a is unique: Suppose we have another extension, say ai. Then r := a^ a £ G :— AutLic(^) 
and 

4>{w) := t{w) ~ w £ Z for all w G W, 

where (j> G Hom/^ (VF, Z). By condition 2, the inclusion Z C [g,g] = [W + Z,W + Z] = [W, W] 
implies that t{z) = z for all z £ Z. For all wi,W2 G W, 

[wi,W2] = [wi,W2]w + z{wi,W2) (13) 

where [■, ■] and [•, -jw are the Lie brackets in Q and W respectively and z{wi,W2) G Z. Moreover, 
[wi,W2]w means s{[wi,W2]w)- Applying the automorphism r to the above equality we have 

[wi,W2] = [t{wi),t{w2)]^t{[wi,W2]) ^t{[wi,W2]w + z{wi,W2)) 

= [wi,W2]w +0([wi,W2]m/) + z(wi,u;2) = [wi,W2] +(l){[wi,W2]w)- 

Hence, (t){[wi , W2]w) — for all wi,W2 G W . By condition 3, ^ = 0, that is t{w) = w for all 
w G W. Together with the condition t{z) — z for all z £ Z, this gives t = e. So, ct = cti. 



(ii) The map a ^^ a is a monomorphism: Let a and r be the extensions of a and t respectively. 
By the uniqueness, ar is the extension of ar, that is or = ar, and so the map ct i— > ct is a 
honiomorphism. Again, by the uniqueness, cr (— )■ a is a monomorphism. 

(iii) The map a ^^ a is an isom,orphism,: By condition 1, the map a M> ct is a surjection, hence 
an isomorphism, by (ii). D 

Proof of Theorein ll.2l The conditions of Theorem [LS] are satisfied for the Virasoro algebra: 
Z = Z(Vir) = Kc, Yir/Z ~ Wi, [Wi, Wi] = Wi (since Wi is a simple Lie algebra), Z C [Vir, Vir] 
and each automorphism cr £ Wi = AutLiG(W^i) = AutK-aig(ii) — GLi(Z) k T^ is extended to an 
automorphism a G AutLic(Vir) by the rule (7(c) ~ c. The last condition is obvious for cr G T^ but 
for e 7^ cr G GLi(Z) = {±1}, i.e. a : Li ^ Li, x ^ a;-\ i.e. a : Wi ^ Wi, x'H ^ -x-^H for aU 
J G Z, it follows from the relations ([T]). D 

Corollary 3.1 1. Each autom,orphism a of the Witt algebra Wi is uniquely extended to an 
automorphism a of the Virasoro algebra Vir. Moreover, ^{c) — c. 

2. All the automorphisms of the Virasoro algebra Vir act trivially on its centre. 
When we drop condition 3 of Theorem II .31 we obtain a more general result. 

Corollary 3.2 Let Q be a Lie algebra, Z be a subspace of the centre of Q and W = Q / Z . Fix 
a K-linear map s : W ^ Q which is a section to the surjection n : Q —^ W , a i~^ a + Z , and 
identify W with im(s), and so Q — W ® Z (a direct sum of vector spaces). Let K, :— {t — t^ £ 
Endi<-(0) I t{w) ~ w + <j){w) and t{z) ~ z for all w E W and z E Z , (j) G Houix (W, Z) is such that 
(l){[W, W]) = 0}. Suppose that 

1. every automorphism a of the Lie algebra W can be extended to an automorphism a of the 
Lie algebra Q, and 

2. ZC [G,G]. 

Then the short exact sequence of groups 

1 ^ /C ^ AutLio(a) ^ AutueiW) -^ 1 
is exact where ip{cr) : a + Z 1-^ <^{'^) + ^ for all a d Q. 

Proof. By condition 1, Tp is a group epimorphism. It remains to show that kcr('i/;) = IC. Let 
T G ker(?/'). Each element g€iQ = W(SZ is a unique sum g = w + z where w d W and z G Z. 
Then t(ix;) = u; + (?!)(w) for some </> G Hom/^ (W^, Z). We keep the notation of the proof of Theorem 
11.31 By condition 2, Z C \^^Q\ = [W,W], hence t(z) — z for all elements z G Z. Applying the 
automorphism t to the equality (fT3|) yields (p{[wi,W2]) ~ (see the proof of Theorem II. 3p . It 
follows that ker(^) = K,. O 
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